We address the problem of free carrier screening of exciton states in two-dimensional monolayer semiconductors. Basic theoretical considerations are presented concerning the applicability of the commonly used static approximation of the screening effect and the implications are discussed. We show that the low-frequency models lead to a major overestimation of the free carrier response and are inadequate to describe the screening of strongly bound excitons in monolayer materials. The presented arguments are consistent with existing high-level many-body theories and transparently illustrate the underlying physics.
I. INTRODUCTION
The physics of excitons in semiconducting monolayers of transition-metal dichalcogenides (TMDCs) have received a lot of attention in the research community due to the large exciton binding energies, strong light-matter interaction, intriguing spin-valley and exciton transport phenomena [1] [2] [3] [4] . With respect to the interaction of the excitons with the solid-state environment, the influence of free carriers is of central importance, both considering fundamental properties and application-driven perspectives. Moreover, the presence of residual free carriers from non-intentional doping was shown to be ubiquitous in the majority of typically studied samples under most experimental conditions. For these reasons, the ensuing phenomena such as the formation of emerging quasiparticles and the corresponding renormalization of the exciton states have been recently under intense experimental and theoretical investigation [3] .
One of main consequences of finite free carrier concentrations in the material is the dynamical screening of the Coulomb interaction, often described in the Lindhard formalism [5] [6] [7] [8] . It generally includes full frequency and momentum dependence of the screening. However, it remains rather non-trivial to evaluate excitonic states analytically or even numerically under most circumstances with the dynamic screening taken into account. Therefore, a number of approximations was developed in the past to provide more convenient and less demanding description of the screening phenomena within certain limitations. Among these, the low-frequency approximation, sometimes labeled as the Thomas-Fermi model, proved to be particularly successful to provide both an intuitive and quantitatively accurate treatment of free carrier screening in a variety of semiconducting systems [6] . In TMDC monolayers, the experimental conditions such as carrier concentrations above the degeneracy limit are often * glazov@coherent.ioffe.ru † alexey.chernikov@ur.de comparable to those in more traditional two-dimensional quantum well materials. Hence, this approach could be naturally considered as the first step to address free carrier screening in these systems as well.
The main distinction of the exciton physics in TMDC monolayer materials from the more traditional quantum well and bulk systems, however, are large binding energies in the 0.5 eV range which typically exceed by far the Fermi energy of free carriers. In addition to that, the Coulomb law adopts a non-conventional form, deviating from the reciprocal distance dependence due to the dielectric contrast between the material and its environment [9] [10] [11] [12] [13] . In the recent literature on the subject, these effects have been taken into account and the free carrier screening has been addressed theoretically using a variety of high-level many-particle calculations [14] [15] [16] [17] [18] [19] [20] , resulting in a number of accurate quantitative predictions and descriptions of the experimental findings. Nevertheless, it remains useful and instructive in this context to explicitly examine the applicability of the low-frequency screening approximation from basic analytical arguments and provide a transparent illustration of the underlying physics.
Here, we address the topic of free carrier screening from this perspective. We examine the validity of the static model and illustrate the effective breakdown of this approach for monolayer TMDCs due to inapplicability of underlying approximations and in comparison with the existing experimental data. We outline the main physical reasons and discuss the general implications for the inefficiency of low-frequency approximations for strongly bound excitons in these materials. We provide basic estimations for the applicability limits and discuss further implications for relevant experimental scenarios. Finally, we briefly review the pathways towards calculating a fully dynamic response and discuss the general physics of the effect also in the context of phonon-mediated dielectric screening in monolayer TMDCs.
II. FREE CARRIER SCREENING OF THE COULOMB INTERACTION
In this section we introduce the general approach to address electron-hole interactions in the presence of free charge carriers. Here, we take into account the specific screening of the Coulomb interaction in a non-uniform dielectric environment of two-dimensional materials such as TMDC mono-and few-layer systems. The excitonic states are further described within the effective mass approximation, where we assume that the energy bands are parabolic and only the direct part of the electron-hole Coulomb interaction is considered, see Ref. [3] for details.
The bare (i.e., unscreened by free carriers) Coulomb potential energy between an electron and a hole is taken in two-dimensional limit of the thin dielectric film model [3, 9, 10] 
where ε s is the average dielectric constant of the surroundings and ρ 0 is the screening parameter related to the intrinsic polarizability of the two-dimensional layer [11, 12] ; H 0 and Y 0 are the Struve and Neumann functions, respectively, and ρ denotes the distance between the electron and the hole in the monolayer plane. The Fourier transform of the potential (1) reads
The normalization area is set to unity hereafter. Equation (2) differs from the Fourier transform of the Coulomb potential in conventional two-dimensional systems by the presence of an extra factor (1 + qρ 0 ) −1 which takes into account the dielectric screening in the multilayer structure. This factor describes the effect of the spatial dispersion. It is related to the fact that the electric field induced by the electron and the hole permeates both the TMDC monolayer and its surrounding medium. Formally, it corresponds to the explicit dependence of the effective dielectric constant ε on the wavevector q in the notation
with ε(q) = ε s (1 + qρ 0 ). In order to retrieve the standard 1/q (in the reciprocal space) or 1/ρ (in the real space) Coulomb interaction one has to put ρ 0 = 0 in Eqs. (1) and (2), thus also obtaining a constant ε(q) ≡ ε s . We emphasize that Eqs. (1) and (2) are an approximate representation of the Coulomb interaction in the strict two-dimensional limit. For realistic structures, they should apply for distances larger than the thickness of the layer. For excitons, an additional spatial dependence of ε s and ρ 0 can be thus disregarded, at least at a first approximation, if the exciton Bohr radius a B exceeds by far the lattice constant. In TMDC monolayer structures, however, a B exceeds the lattice parameter just by several times. Hence, while the above approximation was shown to reasonably describe the exciton physics in these materials, the general effects of spatial dispersion on ε s and ρ 0 should be taken into account for more accurate treatment together with possible deviations from the simple effective mass model, as further discussed in a recent review [2] and in the references therein.
Nevertheless, for the purpose of the discussion below, the two-dimensional approximation of the Coulomb interaction is fully sufficient to illustrate our main conclusions, which should be equally applicable for more sophisticated models as well. More importantly, both ε s and ρ 0 in Eqs. (1) and (2) are generally frequency dependent, i.e., V q = V q,ω . This results in the necessity of careful considerations of the proper frequency range to evaluate their precise values. With respect to that, the arguments presented further below for the case of free carrier screening can be also applied to screening mediated by other electronic and vibronic transitions of the material and its surroundings, as further discussed in the outlook section.
In the following, we consider the system in the presence of free charge carriers, electrons or holes, due to either intentional or unintentional doping. Within the random phase approximation the effective screened interaction between an electron and a hole takes the form (also see Refs. [5] [6] [7] [8] for discussion of various model assumptions and approximations):
or, alternatively,
Here, the polarization function of the free carriers, Π(q, ω), is introduced. The quantity
can be further associated with the wavevector-and frequency-dependent screening wavevector q s (q, ω). In the linear screening regime the polarization function can be expressed in the form
Here, E p = p 2 /(2m) is the free carrier dispersion, m is the effective mass, g is the degeneracy factor accounting for the number of the occupied spin and valley states. For TMDCs, g = 2 if only bottom conduction subbands are filled by the electrons (or topmost valence subbands are filled by the holes) or g = 4 if both spin subbands are filled in each valley of the energy spectrum. In the latter case, finite energy separations between the bands need to be further taken into account to evaluate the expression in Eq. (6) . The charge carrier Fermi-Dirac distribution function f (p) is given by
where T is the temperature, µ is the chemical potential, and the infinitesimal parameter δ → +0 ensures the causality. In general terms, the screening is due to the fact that the electric field produced by the electron-hole pair, for example, affects the free charge carriers and perturbs their distribution in the real and momentum space. As a result of this redistribution, an imbalance of the electric neutrality occurs and the electron-hole interaction becomes screened at certain distances. Strictly speaking, Eqs. (4) and (6) are valid if the Coulomb interaction between free charge carriers is relatively weak compared to their kinetic energy. Formally, the carriers' Fermi energy E F = 2πn
2 /(mg) should exceed the characteristic Coulomb interaction energy of the charge carriers, E C = e 2 √ n/ε s . Accordingly, the density parameter r s = ( √ πna B ) −1 , with a B being the exciton Bohr radius, should be small, r s 1. As a consequence, this seems to apparently require experimental conditions at the exciton ionization threshold or Mott transition. However, for realistic electron or hole densities across a number of instances where the model was successfully applied the parameter r s 1 [6, 21] . As an example, for monolayer TMDCs, taking electron density n = 3 × 10 12 cm −2 (r s = 3.3 for a B = 1 nm), g = 2, m = 0.5m 0 with m 0 being the free electron mass, and ε s = 4 we have the Fermi energy E F ≈ 14 meV and the Coulomb energy E C ≈ 62 meV. Indeed, a more detailed analysis demonstrates [21, 22] that the interactions between the resident charge carriers dominate the state of the electron/hole gas at much lower densities, where r s ∼ 30. Thus, the considerations presented in the following should apply for the typical density regime of free carrier densities in TMDC monolayers between 10 11 and 10 13 cm −2 , roughly corresponding to r s between 18 and 2, respectively.
Generally, in the presence of free charge carriers, the polarization function in Eq. (6) (or the screening wavevector q s in Eq. (5)) depends on both the frequency ω and the wavevector q. Essentially, the electron or hole gas should accommodate and rearrange itself with respect to the "external" potential, e.g., introduced by the electron and hole forming an exciton. The process is naturally delayed in time and also depends on the spatial scale, i.e., the wavelength, of the perturbation (or the value of q −1 ), potentially leading to vastly different screening efficiencies under different circumstances. With respect to that, the basic parameters of the charge carrier gas such as the "Fermi frequency" ω F = E F / and the Fermi wavevector k F = 2mE F / 2 set natural bounds on the screening response. More specifically, the perturbations with frequencies ω ω F and/or wavevectors q k F cannot be screened effectively by the free carriers. Such perturbations change in time and/or space too rapidly: the carriers are unable either to follow these fast enough or to arrange themselves on sufficiently small spatial scales. While trivially following from basic physics and from Eq. (6), this particular point is both of general importance for the evaluation of the screening efficiencies and is highly relevant specifically for the case of TMDC monolayers in particular. We also note that additional restrictions on the screening efficiency are imposed due to excitation of plasmons in the free carrier gas, see Ref. [23] for review.
However, the explicit treatment of both frequency and spatial dependence of the polarization function in Eq. (6) is usually extremely challenging and thus often requires additional approximations. Considering spatial dependence, taking the long wavelength limit q → 0 directly yields the classical Drude response [8] , typically used to describe screening in simple metals. With respect to frequency, however, the static screening approach is, as a rule, applied in order to calculate the exciton properties in the presence of free carriers in more conventional two-dimensional semiconductor systems, such as GaAs quantum wells. [24, 25] . In this limiting case, the polarizability is replaced by its value at ω → 0.
Then, the sum in Eq. (6) can be readily calculated with the result Π = gmf (0)/(2π 2 ). Hence, in the case of the static screening one obtains the effective Coulomb potential from Eq. (2) modified to
It formally resembles Eq. (5), albeit with a frequencyindependent screening wavevector q s given by
It thus generally depends on both carrier density and temperature. At low temperatures or high carrier densities, however, where
the exponent is vanishing, the screening wavevector can be further approximated by a constant value
The resulting dependence of the effective dielectric susceptibility ε = ε s (1 + qρ 0 + q s /q) introduced according to Eqs. (3) and (8) can be normalized to an arbitrary inverse exciton radius and static screening constant, we choose the parameters roughly representing the typical case of a TMDC monolayer on glass substrates to obtain quantitative results in reasonable agreement with experiments: ρ 0 = 4 nm and ε s = 2. The corresponding reciprocal exciton Bohr radius in the zero-density case of a B ) screening regimes as well as the case in the absence of free carriers (q s = 0).
As long as the screening wavevector q s is much smaller than a −1 B , the Coulomb interaction is efficiently screened only at a relatively long range compared with the typical distances between the electron and the hole in an exciton. In this regime, the properties of the exciton ground state are barely affected by the presence of free carriers. When q s increases towards a −1 B , however, the screening becomes increasingly efficient. For almost complete screening of the exciton, the order of magnitude estimate for the screening wavevector is typically taken as q s ∼ a −1 B . Then, in the static screening approach the Coulomb attraction between the electron and hole at the relevant distances ρ ∼ a B is strongly reduced in the presence of degenerate charge carriers. As a consequence, the exciton binding energy should drastically decrease with increasing in the doping density with q s approaching a −1 B and, as soon as the electron or hole gas becomes degenerate, the excitons are expected to almost vanish.
We also note that the above arguments generally apply for the excited states of the exciton as well by considering their respective inverse radii instead of a −1 B . Since the wavefunctions of these states spread of larger distances in the real space, corresponding to smaller q in the reciprocal space, in comparison to the ground state, they are generally more susceptible to screening by free carriers. In close analogy, with respect to the frequency dependence discussed below, similar considerations apply with respect to the binding energies of the excited states being much smaller than that of the ground state.
III. STATIC SCREENING OF EXCITONS IN 2D TMDC: CASE STUDY
In this section we examine the consequences of a finite screening wavevector q s on the binding energies and radii of the exciton states for parameters typical for TMDC monolayers. We analyze the differences associated with the modified thin-film Coulomb potential in contrast to the more traditional interaction with the reciprocal distance dependence. Then, we discuss the quantitative predictions of the static screening approximation and compare these with the experimental observations from the literature.
In the presence of free carrier screening, the excitonic states are found by solving the Schrödinger (or Wannier) equation in the momentum space:
Here, µ is the reduced mass of the electron-hole pair, ψ k is the Fourier transform of the exciton relative motion wavefunction and E B is the exciton binding energy. The binding energy is defined, as usual, with respect to the continuum of free-particle states, i.e., the band gap E g (which can be in principle also renormalized by the presence of free carriers [3, 26] ). The potential V eff q is given by Eq. (8) and the Eq. (11) is solved numerically using variational approach with the two-dimensional hydrogenic trial function. We note that while there are more complex and accurate solutions to the numerical problem, the variational approach provides reasonable quantitative results and is fully sufficient to illustrate the physics discussed below.
Equation (11) in Sec. III and in the following Sec. IV. It is, moreover, valid under the condition of k F a B . Otherwise, the state filling effects should be taken into account, e.g., by enforcing ψ k to be zero for k k F [25] . We note that even in this regime, additional many-body effects such as trion formation and appearance of Mahan singularity along with more complex correlations in the Fermi sea of resident charge carriers may arise [3, 18, [27] [28] [29] [30] . The state filling effects, however, while being of general importance to describe the full response of the system at moderate and high carrier densities, are beyond the scope of the present paper. Also, the requirement k F a B or, alternatively, E F E B holds in most practical cases in TMDC crystals under typical experimental conditions.
For the quantitative analysis, we fix the system parameters to roughly representative values for TMDC monolayers: µ = 0.25 m 0 , ρ 0 = 4 nm, ε s = 2. The latter approximately corresponds to a monolayer supported by a glass substrate. In addition, we also consider the case of the traditional hydrogenic Coulomb potential with the 1/ρ distance (or 1/q wavevector) dependence. For that, we set ρ 0 = 0 nm and adjust ε s to 7.7 to match the exciton binding energy obtained with the thin-film potential without free carrier screening for the parameters chosen above. In both cases, the band degeneracy factor g is set to 2, corresponding to the filling of the lowest conduction bands (or highest valence bands) at K + and K − valleys.
The resulting dependence of the exciton radius and binding energy on the screening wavevector q s is presented in the top (a) and bottom (b) panels of Fig. 2 , respectively. We note that at this stage no specific relation between q s and the free carrier density n needs to be considered and the results depend on q s alone. As the screening wavevector increases, corresponding to decreasing spatial distance of efficiently screened Coulomb interaction discussed in Fig. 1, the 
It is noteworthy that both modified and bare Coulomb potentials lead to a rather similar dependence of the binding energy on the screening wavevector. In contrast to that, the change in the exciton radius for the hydrogenic 1/ρ interaction is much more pronounced compared to the thin-film case. As a consequence, while the binding energy decreases rapidly, the oscillator strength of the optical resonance, roughly proportional to a −2 B should change more slowly for the non-hydrogenic modified potential in a monolayer. Nevertheless, even in this case, the radius will eventually increase further for higher q s and the strength of the exciton transition will finally approach values close to zero.
Next, we explicitly evaluate the dependence of the screening wavevector q s on the free carrier density in the static approximation according to Eq. (9). First, the critical density n crit corresponding the previously discussed condition
is presented in Fig. 3 (a) as function of temperature.
Since it is proportional to the value of the Fermi distribution at zero, it exhibits a strong temperature dependence and varies by more than two orders of magnitude between cryogenic and room temperatures. Overall, the critical densities are significantly lower in the case of the modified thin-film Coulomb potential in comparison to the hydrogenic one, ranging from 10 9 to several 10 11 cm −2 . Nevertheless, both models predict highly efficient screening of excitons already for rather low carrier densities at all temperatures. As also discussed further below, this does not seem to be consistent with experimental reports in TMDC monolayers [3, 31, 32] and recent high-level manybody calculations [19] where the exciton dissociation is typically found at much higher carrier densities on the order of 10 13 − 10 14 cm −2 , as indicated in Fig. 2 (a) . At cryogenic temperatures, in particular, the discrepancy is as high as at least two orders of magnitude. The explicit dependence of the exciton binding energy and the normalized inverse squared exciton radius a −2 B , proportional to the oscillator strength, on the free electron density is presented in the bottom and top panels of Fig. 3 (b) . It is shown in the temperature range between 4 and 300 K and for the two forms of the Coulomb potential. The free carrier densities typically accessed in the experiments for the samples with both intentional and unintentional doping are roughly indicated by the shaded area [3, [32] [33] [34] [35] [36] . In this range, the static approximation of the free carrier screening predicts strongly reduced binding energies and oscillator strengths as compared to the pristine case. Moreover, as the system is cooled down to 4 K, the excitons are expected to be almost dissociated at these densities and the corresponding resonance in optical spectra should disappear. In addition, both the exciton oscillator strength and binding energy should strongly change with temperature, essentially following the dependence presented in Fig. 3 (a) .
In the experiments on TMDC monolayers, however, neither of these effects are observed. The total oscillator strength of the exciton resonance, proportional to the area of the resonance in optical absorption or reflectance, is barely affected by free carriers up to few 10 12 cm −2 and is only partially redistributed between the neutral and charged exciton transitions [32] [33] [34] . The oscillator strength is also almost temperature independent in both intentionally and unintentionally doped samples with the usual densities below 10 13 cm −2 [32, 37, 38] . Finally, the binding energy measured in unintentionally doped samples with densities typically on the order of several 10 12 cm −2 in most cases and often at low temperatures are found to be several hundreds of meV [3] rather than being vanishingly small as shown in Fig. 3 (b) .
This means that the static approximation, ω → 0, in Eq. (4) (see also Eq. (8)) of the free carrier screening severely overestimates the screening efficiency and is inconsistent with the experimental observations. This conclusion is also largely independent from the specific choice of the Coulomb potential, as shown above. Moreover, for the properly modified electron-hole interaction in monolayer materials, the discrepancies are even larger than for the hydrogenic case. From theoretical point of view, the breakdown of the static approach can be rationalized by self-consistently examining the frequency range necessary to efficiently screen the excitons in 2D TMDCs. As obtained by the solution of Eq. (11) for representative TMDC monolayer parameters, binding energies of the exciton ground state in the range of 100's of meV are significantly higher than the Fermi energies under typical conditions by at least one order of magnitude. Thus, the free charge carriers are essentially too slow and unable to follow the movement of the electron and hole in the exciton fast enough and rearrange themselves accordingly, leading to inefficient screening. This is in strong contrast to more traditional 2D systems, such as the quantum wells, with exciton binding energies orders of magnitude smaller than in the TMDC monolayers. Hence, only if the binding energy is reduced to several 10's of meV, approaching the range of Fermi energies corresponding to carrier densities below 10 13 cm −2 , the free carrier screening becomes efficient. Overall, the presence of free charge carriers at these densities should certainly affect the exciton properties of monolayer TMDCs, as also observed in the experiments, albeit not as drastically as predicted by the static approach. terms.
IV. DYNAMIC SCREENING OF EXCITONIC STATES
In the previous section we have shown the inadequacy of the static approximations to address free carrier screening in semiconducting monolayer materials. As a consequence, dynamic approaches taking full frequency dependence of the screening into account are required. In this last section, we would like to review general considerations towards addressing the problem of free carrier screening of excitons in systems with large binding energies, such as 2D TMDCs. We note in advance that theoretical calculations of dynamic screening are very challenging, so that providing detailed and accurate solutions remains far beyond the scope of this work. Our intent is thus to outline the scope of the problem and illustrate possible directions towards the solution.
Generally, the account for the dynamic screening of excitonic states, i.e., of the retardation in the electronhole interaction represents an extremely complex problem. In this regard, an analogy with a problem of positronium, a bound state of an electron an a positron, can be drawn [39, 40] . The rigorous approach in both cases is based on the solution of the Bethe-Salpeter equation for the two-particle Greens function. Graphically, this equation is presented in Fig. 4 . It involves the two-particle interaction vortex Γ, which is determined by the infinite series of the diagrams involving different powers of the Coulomb interaction. The latter can be formally summed up resulting in the integral equation shown in Fig. 4(a) , whose kernel is expressed via the sum of the irreducible contributions. Several lowest order ones are depicted in the panels (b) (first order), (c) (second order), and (d) (third order) of Fig. 4 .
If the occupation of the bands can be neglected and, moreover, if the screening is static, in other words, if V eff q depends on the transferred momentum only, the contributions with self-crossings [ Fig. 4(c,d ) and omitted higher order terms] vanish, which can be readily checked by using the space-time representation for the Greens functions. In this situation the irreducible vortex is given simply by the interaction potential reducing the problem to the discussed above in Sec. III. The account for the retardation, i.e., for the explicit dependence of V eff ω,q on the frequency ω, makes the contributions (c), (d), . . . nonzero. Similarly, the presence of the resident electrons or holes in the bands provides contribution to the diagrams in Fig. 4(c,d) . This makes the problem of calculation of exciton in the presence of free charge carriers barely solvable and requires making further approximations.
As a starting point one usually omits the self-crossing diagrams and replaces Γ 0 by the dynamically screened Coulomb potential, Fig. 4(b) . Technically, it is convenient to use the reference frame where the exciton is at rest and introduce the function [39] 
, which differs from the two-particle vortex by the presence of additional Greens functions of the electron and the hole:
where E e k , E h k are electron and hole dispersions, Ω and δ are the energy variables. In order to find the binding energies it is sufficient to determine the poles of Γ or of χ as a function of Ω, i.e., the energies Ω where Γ becomes infinite. In this case, the first term in Fig. 4(a) , can be omitted, and the Bethe-Salpeter equation for the exciton at rest (center of mass momentum is zero) takes the form [19, 39, [41] [42] [43] [44] [45] 
This is so-called screened ladder approximation. Here we assumed for simplicity that electron and hole have the same effective mass, k is the relative motion wavevector. In Eq. (14) the occupancy of the conduction band can be neglected, the energies E e k , E h k include, in general, contributions due to the resident carriers interaction between themselves.
In the case of the static screening, where V eff q,δ−δ does not depend on δ − δ , the dependence on the δ-variable can be excluded by integrating both sides of Eq. (14) over δ. In which case for the function
The frequency independent form of the interaction can be applied if characteristic frequencies ω * (where V eff q,ω * either has resonances or changes very strongly) are very different from the frequency of electron-hole relative motion in the exciton ω B = E B / . It directly follows from the characteristic argument of the potential in Eq. (14) being |δ − δ | ∼ E g − Ω = E B . Particularly, if ω * ω B the typical frequencies transferred in the course of electronhole interaction in Eq. (14) are small as compared with ω * and the potential V eff q,δ−δ can be replaced by its zerofrequency value, V eff q,0 . By contrast, if ω * ω B , the high-frequency asymptotics, V eff q,ω→∞ , has to be used. In the situation where the screening is provided by the resident charge carriers, the typical frequencies where the V eff q,ω varies strongly are, as discussed above, related to the Fermi frequency E F / . For electron or hole densities in TMDC monolayers up to 10 12 . . . 10 13 cm −2 the Fermi energy is much smaller than the exciton binding energies ∼ 200 . . . 500 meV and the high frequency asymptotics for the interaction potential should be used. In this case, essentially, Π(q, ω) → 0 in Eq. (6) and V eff q,ω ≡ V q , i.e., the interaction is not screened. This is in stark contrast with the more traditional III-V or II-VI semiconductor based quantum wells where exciton binding energies are often in the range ∼ 10 meV, thus, being comparable or smaller than characteristic Fermi energy of the resident electron gas in the presence of intentional doping. In this conventional situation one can use the static screening approximation and, moreover, account for a finite occupancy of the conduction or valence bands. Nevertheless, we note that the presented arguments are not limited to specific material systems and should generally apply as soon as exciton binding energy becomes much larger than the Fermi energy of the free carriers.
In order to account for the dynamical screening in Eq. (14) various approximations are invoked. The simplest approach is to consider an effectively static screening with the replacement
and solving the generalized Schrödinger equation (11) with V eff q dependent on the eigenvalue E B [17, 42] , see also Ref. [19] . In the more advanced approach of Ref. [43] , the E B in the right hand side of Eq. (15) is replaced by the "representative frequency" which somewhat deviates from the binding energy.
The procedures outlined above have been effectively applied to excitons in bulk semiconductors [42] [43] [44] and have been recently applied to various TMDC monolayers [17, 19, 46] with reasonable agreement with experimental data. However, as already mentioned, such an approach (and even direct numerical solution of Eq. (14)) can be applied only if the frequency dispersion of V eff q,ω is relatively weak: otherwise, omitted terms with selfcrossings exemplified in Fig. 4(c,d) can become important. It is worth stressing that the effects of the band renormalization and the state-filling due to the presence of charge carriers can be of importance, particularly, for excited states, cf. Ref. [47] .
V. CONCLUSIONS AND OUTLOOK
In general, the presence of free charge carriers, electrons or holes, changes the nature of the Coulomb interaction between the electron and hole forming an exciton. It usually effectively reduces its strength as compared with the pristine situation where free charge carriers are absent. This screening effect depends on the spatial and temporal scales of the perturbation caused by the electron-hole interaction. The fact that the screening is typically effective at relatively large distances, i.e., for the wavevectorss as further illustrated in Fig. 1 , is well established. It needs to be accounted for both in conventional two-dimensional systems based on semiconductor quantum wells as well as in mono-and few-layer transition metal dichalcogenides and similar materials. By contrast, the role of the temporal dispersion of the screening, i.e., the retardation effect in the electron-hole interaction, generally remains a more involving and challenging issue. As one of the main consequences, it results in rather inefficient screening effect in TMDC monolayers under conditions, where the exciton binding energy is much higher in comparison to the Fermi energy of the free carriers. In that case, the period of the electronhole relative motion is so small that the free charge carriers are unable to accommodate to the rapidly changing electron-hole potential and thus do not efficiently screen the Coulomb interaction in the exciton.
Quantitatively, the static screening is applicable provided that the exciton binding energy E B is smaller as compared to the electron (or hole) Fermi energy for degenerate charge carriers. For more typical Fermi energies E F ≈ 0 . . . 50 meV realized in both intentionally and unintentionally doped two-dimensional crystals the static screening model is shown to be largely inadequate. The reasons are large binding energies of excitons on the order of several 100s of meV resulting from (i) relatively large effective masses and (ii) weak dielectric screening from the environment. Although for very high Fermi energies E F E B the static approximation could be applicable, the effect of such high carrier densities on properties of the electronic states in TMDC monolayers is only little explored. Moreover, such high densities may result in major qualitative changes of the band structure across the Brillouin zone.
The qualitative analysis presented here is supported by numerical calculations and comparison with available experimental observations. In particular, the calculations of the binding energies and relative oscillator strengths of excitons demonstrate that the exciton resonances would vanish for typical densities of resident carriers in TMDC monolayers if the static screening concept were appli-cable. Moreover, it would also result in a very strong temperature dependence of these two quantities, which should converge to zero at cryogenic temperatures for typical carrier densities, including those due to unintentional doping in most cases. The main conclusions are further shown to be largely independent from the specific choice of the Coulomb potential. They are applicable both for the more traditional 1/ρ dependence and for the modified thin-film case, taking into account the non-uniform dielectric screening.
The predictions of the static approach are thus in stark contrast to the experimental results and theoretical considerations beyond the static screening regime. In fact, for reasonable free charge carrier densities the dynamical screening should indeed take place with the resulting efficiency being strongly diminished as compared with the static one. Overall, the extent to which the contributions from the static screening can be fully disregarded depends on the relation between the exciton binding energy and the electron (or hole) Fermi energy. Further quantitative and microscopic analysis thus remains important for the future experimental and theoretical studies.
Finally, it is interesting to note that similar considerations are applicable for the contributions of the lattice vibrations, i.e., phonons, to the screening of the Coulomb interaction in the exciton. The dielectric polarization of the lattice follows the electric field produced by the electron and hole provided that the exciton binding energy is small compared to the polar phonon energies. The latter is often the case in many two-dimensional III-V and II-VI semiconductors, rendering the static dielectric constant generally applicable for the dielectric screening of excitons. By contrast, for TMDC monolayers the exciton binding energies exceed by far the optical phonon energies both in the material itself and in the typical substrates or cap layers, including SiO 2 and hexagonal boron nitride. Although a semi-quantitative analysis of the excitonic states is potentially possible by using the highfrequency dielectric constants of the surrounding materials (in close analogy to the screening of the electron-hole exchange interaction where the transferred energy is even larger, on the order of the band gap [48] ), fully quantitative microscopic approaches remain of importance.
Particularly interesting situation may arise if the energy of one of the phonon modes is in resonance with the binding energy or with the distance between the exciton levels. It further poses a question of whether the dielectric response of the material should be evaluated at different frequencies for the Rydberg series of exciton states with different binding energies. In principle, it could mean that the binding energies of the individual levels are self-consistently determined not only by their spatial extent due to the dielectric contrast, as currently captured by the thin-film models, but also by the specific frequency dependence of the screening. It could be thus instructive to address the transition from the high-frequency to a static screening regime for the exciton series with increasing principal quantum number (and thus decreasing binding energy). In this regard, the ideas and the experiments similar to the recent reports such as Ref. [49] are of particular importance.
Similar considerations may apply for more complex excitonic states such as trions and biexcitons. While the microscopic nature of these quasiparticles is currently under intense debate, particularly, due to the many-electron effects, the general question of the appropriate frequency range to evaluate dielectric screening remains. In this respect, it is not obviously clear that the binding energies of trions and biexcitons, defined as the energy distance between the peaks in optical response of the trion/biexciton and exciton, provide an equally valid scale for comparison with the excitations of the screening medium. Alternatively, the average kinetic energy of the individual trion and biexciton constituents could be a more reasonable parameter to consider, which is rather similar to the above discussed scenario for neutral excitons. We therefore note, that while a more involved analysis of this particular topic is beyond the scope of the present study, it certainly deserves more attention in the future research. Theoretically, it requires full treatment of the manybody system. Experimentally, the detailed studies analogous to those reported in Ref. [49] are highly anticipated.
On the theoretical side, both analytical and numerical calculations with retarded electron-hole interaction along the lines presented above seem to be required in the case of the free carrier and, potentially, also lattice phonon screening. With respect to that, alternative approaches such as invoking the polaron concept, including both exciton-phonon-and Fermi-polaron [18, 29, 30] could be particularly important. Then the ansatz for the solution of many-body problem of either "exciton+phonon bath" or "exciton+Fermi sea" would, in principle, allow one to account for the correlations between the electron-hole pair and the many-body bath excitations. Complementary, microscopic approaches based on semiconductorBloch equations and cluster expansion [14, 15, 20] , are highly viable in that respect as well.
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